2 - 5 Review: radius of convergence
0 _ 1 m
e (———) x2m

ClearAll["Global™ *"]
(-1*

Sum[ = x%®, {m, 0, o}, GenerateConditions—9True]
s . k
ConditionalExpression | ,
k + x2

x2
Abs[k] >Abs[x]?2&&k#0&& k +x2#0&& 1 + ?;eo]

(_l)m 2
SumConvergence[ - X m,nq

Abs [k] > Abs[x]?

1. Above: According to MathWorld, |x| is the standard expression for a radius of conver-
gence, also shown as |x| < R, where (-R, R) is the interval of convergence, R being the
radius of convergence. Dropping in the text answer as the radius of convergence would

make it |x| <4/ |k| = |[xP<(y |k|)?* = |x[*< |k|. This is equivalent to the above green
cell.
o) 2\m
5. L—J x2m
215

ClearAll["Global ™ *"]

2 m
SumConvergence[(;) xzm,m]

Abs[x] < i
2

The answer in the green cells above match the answers in the text.

6 - 9 Series solutions by hand
Apply the power series method. Do this by hand, not by a CAS, to get a feel for the
method, e.g. why a series may terminate, or has even powers only, etc.

7.y =-2xy
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ClearAll["Global %"]

el =DSolve[y'[x] == -2xy[x], y[x], x]
{{v[x] » e c[11}}
e2=el/.C[l] »ap

{{v[x] > e™ a0}}
e3 =

Series[ao e ¥, {x, O, 8}]

2 ao x4 ao x5 ao x8 9
ap - ag X“° + - + + 0[x]
2 6 24

e4 = Collect[e3, ap]

The answer in the green cells above match the answers in the text.
9. y"+y=0

ClearAll["Global™ *"]

el =DSolve[y''[x] +y[x] =0, y[x], x]
{{y[x] »C[1] Cos[x] + C[2] Sin[x]}}
e2=el /. {C[1] » ap, C[2] » a3}

{{y[x] » Cos[x] ap + Sin[x] a;}}
e3=e2[[1, 1, 2]]

Cos[x] ap + Sin[x] a3

e4d = Series[e3, {x, 0, 8}]

apx? a;x3 apgx* a;x® apgx® a;x’ ap x8
Qo + a; X - = + + = = +
2 6 24 120 720 5040 40320

+0[x]°

The answer in the green cells above match the answers in the text.

10 - 14 Series solutions
Find a power series solution in powers of x.

11. y''-y' +x%y=0

ClearAll["Global *"]



el =y[x_] = Sum[ay x", {m, 0, 6}]

ap+xa;+x?az+x’az+xtas+x’as+x®ag

e2 =y'[x]

a;j+2xaz+3x2az+4x3as+5x%as + 6 x° ag

e3=y''[x]

2a,+6xas+12x%2a, + 20x3 as + 30 x* ag

Now for the assembly of the staged components.

e6=y''[x] -y'[x]+x*y[x] =
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—a;j+2az-2xa;+6xaz;-3x%a;+12x%2a,-4%x%a,+20x%3as-5x%as +

30 x* ag - 6 x° ag + x2 (a0+xa1+x2a2+x3

And rearranging

e7 = Expand[e6]

a4+x5a5+x6a5) =0

x2ap-a;+x’a;+2a;-2xa+x*a+6xaz-3x2az;+x°az;+12x%a, -
4x3a,+x%a,+20x3as-5%x*as+x’as+30x%ag-6xag+x%ag==0

And more rearranging

e8 = Collect[e7, x]

—a;+2az+x (-2a,+6az) +xPas+x? (ap-3az+12a,) +x’ as +
x3 (a1 -4as+20as) +x° (a3 -6ag) +x%ag+x* (az-5as + 30 ag) ==

e9 = Solve[2 a; == a3, az]
a;

{{a> 2}

Above: x°

a
ell = Solve[2a; ==6 a3, az] /. az -> ?1

({as 2}

Above: x!

a
el3 = Expand[Solve[ao -3az+12a,==0, az] /. az~» ?1]

a a
({ae - 220 2y

Above: x>

| 3
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1 a
elsd = Simplify[Solve[a1 -4a,+20a5==0, as] /. ag -> E (—ao + 2—1)]

1
{{as - E (—2 ag - 56.1)}}

Above: x3
el5 =

1 a
Simplify[Solve[a; - 5as + 30 ag = 0, ag] /. {as -> o (F2a0-5a1), az- ?1}]

1
{{as—) m (—2 aog - 17 al)}}

a a a a
el6 =y[x] /. {aZ_)Z_ll a3_’?11 a4_)__0+_1,

1 1
as» — (-2ap-5a;), ag» — (—2ao—17a1)}
120 720

aop + x® (-2ap-17 a;) +
1 a a x2 a x3 a
—x5(—2ao—5a1)+x4(——°+—1)+xa1+ L !
120 12 24 6
el7 = Collect[el6, {ap, a1}]
x4 x5 x6 x2 x3 x* x5 17 x5
1-—- —- —|ap+ |+ —+ —+ — - — - ai
12 60 360] [ 2 6 24 24 720

Above: The answer in the green cell matches the text answer.
13. y'' + (1+x2> y=0

ClearAll["Global *"]

el =y[x_] = Sum[ay x", {m, 0, 7}]

2 3 4 6

ag+xa;+x?az+x3az+xtas+x’as+x%ag+ x’ a;

e2 =y’ [x]

aj+2xa;+3x%?a3+4x%a,+5x%x%as+6x°ag+7x%a;

e3=y''[x]

2a,+6xas;+12x%2a,+20x%as + 30 x%ag + 42 x° a;

ed=y''[x]+ (1+x?)y[x]=
2a,+6xaz+12x%a,+20x%as +30x%ag+42x5a; +
(1+x2) (ao+xa1+x2a2+x3a3+x4a4+x5a5+x6a6+x7a7) ==
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e5 = Expand[e4]

a0+x2ao+xa1+x3a1+2a2+x2a2+x4a2+6xa3+x3a3+x5a3+12x2a4+x4a4+
x%as+20x3as+x°as+x’as +30x*ag+xPag+xPag+42x’a;+x’a;+x%a;==0

€6 = Collect[e5, x]

ap+2az+x (a; + 6 as) + x2 (ap +az + 12 a,) + x3 (a; + a3z + 20 as) +x8ag +
x% (ag +ag) +x* (az+as+30ag) +x%a; +x’ (as +ay) +x° (az +as + 42 a7) =

e7 = Solve[ag + 2a; == 0, az]
ao
a; » - —
({22~ -2})
e8 = Solve[a; + 6 a3 == 0, as]

{{as-2)

a
e9 = Solve[ag +az + 12a,==0, az] /. az—>—2—°

{{as>- 21

Above: x?2

a
el0 = Solve[a; +a3 +20a5==0, as] /. a3—>—?1

({as - 221}

Above: x3
aop ao
ell = Solve[a; +as + 30ag==0, ag] /. {aza-?, a4—>-£
13 ao
{{ae~ 1
720
Above: x*
a ai
el2 = Solve[a; +as + 42a5;==0, a7] /. {a3—>-?, as_’_ﬁ
581
{{a7~ 1
1008
Above: x°
a a a a 13 a 5a
e12=y[x]/.{a2—>-—°,a3—>——1,a4—)——0,a5—)——1,a5—> 0,a7—> 1}
2 6 24 24 720 1008
x2ap x*ap 13 x°ag x3a; x°a; 5x"a;
Qo - - + +Xa; - - +

2 24 720 6 24 1008
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el3 =Collect[el2, {ap, ai}]

X - — = —

6 24 1008

( x2 x4 13 x6 ] ( x3 x> 5 x7 ]
+ o+

X - — - —

x2 x4 13 x6 x3 x> 5 x’
ag +
] ( 6 24 1008

e14=Norma1[[1————+ ]al]/.x—>1

343 a, 803a;
+
720 1008

Above: The answer in the green cell matches the text answer. The cell below the answer is
an experiment for doing IVP.

16 - 19 CAS problems. IVPs
Solve the initial value problem by a power series. Graph the partial sums of the powers
up to and including x°. Find the value of the sum s (5 digits) at x.

17. y"+3xy + 2y =0,y[0] =1,y[0] =1,x=0.5

ClearAll["Global ™ *"]

el = y[x_] = Sum[a, x", {m, O, 5}]

ap+xa; +x?a+x3az+x*tas+x’as

ed=y''[x] + 3xy'[x] +2y[x] =
2a2+6xa3+12x2a4+20x3a5+3x(a1+2xa2+3x2a3+4x3a4+5x4a5) +

2(ao+xa1+x2a2+x3a3+x4a4+x5a5) =0

e5 = Expand[e4]
2ap+5xa;+2a;+8x%a,+6xa;z +
1l1x3a3;+12x%a,+14x%*a,+20x%as+17x%as5==0
€6 = Collect[e5, x]
2ap+2az+x (5a;+6az) +14x*a, +
x2 (8az +12ay) +17x%as + x3 (11 a3 + 20 as) ==
e7 =Solve[2ag +2a; =0, a;]
{{az» -ao}}
e8 = Solve[5a; + 6 a; == 0, as]
5

{{as>-222))

1

Above: x
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e9 =Solve[8a; +12a,==0, a3] /. a2 » -ap
2 ap

({2 2200)

2

Above: x

5a
€10 = Solve[llas + 20as = 0, as] /. as » - —

Above: x3

Above: With discovery of as, all the coefficient values for calculation of s have been found.

5a; 2ao 11 a;
e19=y[x]/.{a2—>-ao,a3—)— ; ag > , as - 24 }
2 2x4 ao 5x3 al 11 x5 ai
Qo -X‘apg+ —— +xa; - +
3 24

Above. This is the general solution. The initial value condition of y(0) = 1 will make ap = 1,
and the other initial value condition of y'(0) = 1 will make a; = 1.

e20=s[x_] =el9/. {ap~>1, a; > 1}

) 5x3 2x* 11x°
1+x-x°- + +
6 3 24

s[1/2]

923

768

Plot[s[x], {x, -1, 1}, PlotRange -» Automatic, ImageSize -» 250]

10 “05 05 10
The answers in the green cells above match the answers in the text.

19. (x-2)y'=xy, y[0] =4, x1=2

ClearAll["Global ™ *"]
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el =y[x_] = Sum[ap x", {m, 0, 5}]

a0+xa1+x2a2+x3a3+x4a4+x5a5

e2= (x-2)y'[x] -xy[x] =

(-2 + x) (a1+2xa2+3x2a3+4x3a4+5x4a5) -
x(a0+xa1+x2a2+x3a3+x4a4+x5a5) =0

e3 = Expand[e2]

—xao—2a1+xa1—x2a1—4xa2+2x2a2—x3a2—6x2a3+

3x3a;-x*az;-8%x%az+4x*as-x%xaz-10%x*as +5x%as - x® a5 ==

e4 = Collect[e3, x]

-2a;+x (-ap+ai1-4az) +x%2 (-a;+2a-6as) +
x3 (-az+3az-8ay) +x* (-az3+4as-10as) -x%as + x°> (—az +5as) =

Below: a; , which will be the coefficient of x in the final equation, has no business sticking
out by itself.

e5 = Solve[-2a; ==0, a;]

{{a1->0}}

Below: This value of ap was set with the belief that it is necessary for the initial condition,
y(0) =4.
e6 = Solve[-ap+a; -4a;==0, a;] /. {ap >4, a; » 0}

{{az » -1}}

e7 = Simplify[Solve[-a; +2a;-6a3==0, az] /. {az2» -1, a; - 0}]

{{as--3])

1
e8=Simp1ify[Solve[—a2 +3as3-8a3:=20, a;] /. {a2—>—l, a3—>-;}]

{{as > 0}}

1
e9 = Simplify[Solve[—a3 +4a,-10a5==0, as] /. {a3 - - 3—, a; - 0}]

{{as > =)

Above: Discovery of as gives all the coefficients necessary to express s up to fifth power of x.

1 1
e10=y[x] /. {ao—)4, a1->0, a2—>—1, a3—>—3—, a4—>0, as = E}

) x3 x°
4-x2- — 4
3 30



ell=s[x_] =el0

x3 x5
4-x2- 4+
3 30
s[0]
4
s[2]
5
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